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a physical model for the dynamics of cell migration during the wound healing response. Experiments demonstrate that an initially
uniform cell-culture monolayer expands in a nonuniform manner, developing ﬁngerlike shapes. These ﬁngerlike shapes of the
cell culture front are composed of columns of cells that move collectively. We propose a physical model to explain this phenom-
enon, based on the notion of dynamic instability. In this model, we treat the ﬁrst layers of cells at the front of the moving cell culture
as a continuous one-dimensional membrane (contour), with the usual elasticity of a membrane: curvature and surface-tension.
This membrane is active, due to the forces of cellular motility of the cells, and we propose that this motility is related to the local
curvature of the culture interface; larger convex curvature correlates with a stronger cellular motility force. This shape-force rela-
tion gives rise to a dynamic instability, which we then compare to the patterns observed in the wound healing experiments.INTRODUCTIONCell motility plays a key role in the functioning of multicel-
lular organisms (1). It is now clear that the key components
in this process are the internal forces created by the cytoskel-
eton (mainly actin, myosin, and adhesion molecules), and
involves specialized subcellular structures such as lamellipo-
dia and filopodia (2). When cells are part of a culture, or
tissue, they normally have strong cell-cell contacts, so that
the culture is continuous. In such cases, motility of indi-
vidual cells translates into collective motion of all the cells
in the culture (3–5). Furthermore, it was observed that the
cells at the outer rim of a two-dimensional cell culture are
the most motile (6). This phenomenon of collective cellular
motions is observed in wound healing model experiments
(3–5) and in morphogenesis and embryogenesis (7). Cells
inside cultures can move in a random-walk-like fashion or
can show a directional motility that is often controlled by
external directional signals, such as chemotaxis due to a
chemical gradient (8,9).
Recent experiments (3) on wound healing models have
found conditions where the expanding contour of the cell
culture develops fingering patterns. In these experiments,
there is no cell injury or growth factors that trigger the cell
motility (10), which is therefore triggered simply by the
sudden release of the confinement placed at the boundaries
of the cell culture (4). After the release of the confinement,
the cells migrate onto the surrounding free substrate in
columns (i.e., fingers), where the tips of these fingers contain
leader cells that have a very different morphology; they are
highly polarized and motile with a large crescent-shaped
and highly developed lamellipodia. Proposing a physicalSubmitted July 30, 2009, and accepted for publication October 15, 2009.
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0006-3495/10/02/0361/10 $2.00mechanism that serves to drive the formation of these
fingering patterns (11) is the main purpose of this article.
Previous modeling of this system was based on the chem-
ical signaling between cells (12–14), which is triggered at
the wound location when cells are either injured or simply
have the confinement released (4). This chemical signaling
(15), which emanates from the cells at the culture edge and
then propagates and diffuses into the culture itself, triggers
cellular motility toward the free substrate (wound). When
there is no cell injury, and aweaker chemical signal is present,
the collective motion was observed to be much slower on
average. Previous models also included the contact inhibition
of cells, whereby cells tend tomigrate toward regions of lower
cell density (16), and proliferate there (17), as well asmechan-
ical contact with the substrate. There are other models that
describe the closure of the wound as a result of single cell
dynamics (18,19). A recent model of this kind was shown
to also give rise to fingering growth (20).
We propose here a new model that is based on a direct
relation between the shape of the cells and their motility,
in which we neglect any effects of chemical signaling.
Such a model has not been previously explored (to our
knowledge), and we demonstrate here that it can provide
a mechanism for the formation of patterns in expanding
cell cultures. We find that our model gives rise to a surface
instability and the spontaneous formation of growing fingers,
as observed in the experiments (3). Note that our model
applies to the first stages of the wound-healing process,
and does not describe the large-scale coalescence of the
tissues when the wound closes.THE MODEL
As we described above, the leader cells at the tips of the
migrating columns of cells have the most highly developeddoi: 10.1016/j.bpj.2009.10.022
362 Mark et al.motility machinery, i.e., a large lamellipodia and many adhe-
sion contacts. Together, these features provide the leader
cells with the ability to produce a strong traction force (21)
that pulls and directs the motion of the cells behind it.
Although cells deeper within the culture also contribute
a nonvanishing traction (2), the cells in the first ~5–10 cell
layers seem to be dominant in determining the overall migra-
tion of the cell culture (6). (Note that organized cellular flows
behind the leader cells can extend to several cell layers;
L. Petitjean, M. Reffay, E. Grasland-Mongrain, M. Poujade,
B. Ladoux, A. Buguin, and P. Silberzan, unpublished.) This
assumption is reinforced by force-mapping experiments on
cellular cultures, which show that the forces generated by
the cells at the edge are stronger than the forces applied to
the substrate by the rest of the culture (6,23). We note that
the leader cells have a relatively high convex shape. The rela-
tion between cell shape and the activation of the internal
motility machinery was observed in a number of examples,
at the single cell level:
1. Cells grown on adhesive micropatterns exhibit membrane
protrusive activity at the most highly curved parts of the
cells (24), where traction forces are concentrated (25).
2. Discoid cellular fragments become motile after an applied
mechanical stimulus that changed them into a crescent
shape (26).
3. Releasing cells from shaped confinement is enough to
trigger directional cell movement (27).
We are therefore motivated by these observations to
suggest that there is a positive feedback between the overall
shape of the cell and its ability to produce motility. The
motility of the leader cells in the culture interface is therefore
determined by their local shape, which is imposed by their
interactions with the neighboring cells. Specifically, a highly
curved (crescent) cellular shape correlateswith higher cellular
motility. An increased motility with increasing convex curva-
ture of the cells at the culture edgemay also be triggered by the
longer cell-free edge in these cells. The longer cell-free edge
means that membrane receptors are more exposed to external
signals, such as growth-factor receptors (10) that trigger
motility. The lower number of cell-cell contacts in these cells
translates into lower contact-inhibition of motility (4).
The phenomena of unstable surface growth is found in
a variety of physical processes (28,29), such as crystal growth
and cellular cultures (30), and many physical models have
been proposed to describe these diverse phenomena (31–34).
Similarly, ourmodel includes a force that drives the instability
and growth, which in our case originates from the internal
motility of the cells, and is taken to be proportional to the local
contour geometry. The positive feedback between the contour
shape and the cell motility (driving force) gives rise to a
dynamic instability. In addition there are elastic restoring
forces that oppose the shape deformation, and lead to a tip-
splitting phenomenon. The restoring forces arise from the
elasticity of the cells, as discussed below.Biophysical Journal 98(3) 361–370As the cells maintain their contacts with their neighbors
at all times, i.e., no gaps appear in the expanding culture
or in its moving front, we will propose a simple model that
maps this interface to a continuous one-dimensional active
membrane (contour), whereas the cells in the bulk of the
culture behind the front are treated as a viscous fluid
(Fig. 1a). The sum of the internal forces, which are due to
the motility of the cells at the outer layers of the culture
(9), provide the driving force that moves the cells and the
interface outwards in the normal direction. Counteracting
these driving forces are restoring forces arising from the
effective friction of the cells with the substrate, and the effec-
tive surface tension and curvature bending modulus of the
cells at the culture interface. The effective bending modulus
of the outer few layers of cells arises from the membrane
elasticity of the individual cells, as well as from cell-cell
adhesion contacts mediated by cadherin-based junctions,
which connect the cytoskeleton of the individual cells into
a multicellular continuous actin belt (3,35). The effective
surface tension of the first few layers of cells arises from
the same cell-cell interactions, and the elasticity of the
individual cells. Note that the value of the effective surface
tension of the outer contour can be quite low due to the
ability of cells to relieve the elastic stresses by leaving or
joining the edge layers from the bulk of the culture, and
by reorganizing their cytoskeleton to accommodate large
shape changes. These processes mean that our contour itself
stretches in a viscoelastic manner, which is here approxi-
mated as purely elastic, but with a reduced stretching
modulus.
In addition to the cell motility there is cell proliferation
that may contribute to the expansion of the cell culture. In
the recent experiments (3), it was found that during the first
stages of the culture expansion (up to 15 h) there was no
strong effect of the cell proliferation on the rate of culture
expansion. This observation indicates that in these systems,
cell motility dominates the early stages of the culture expan-
sion. For simplicity we therefore neglect here any positive
contribution of cell proliferation to the expansion of the
culture, although this can be easily added to the model.
Nevertheless, when the culture area expands faster than
the rate of proliferation, it means that the area per cell
increases. When this parameter increases beyond some
threshold, we expect that there will be an elasticlike restoring
force from cell stretching, which opposes the growth of the
culture area.
The mathematical description of the model
The culture interface is modeled here as a one-dimensional
membrane (contour), described by a Helfrich energy func-
tional (36), which has bending and surface tension terms
F ¼ W
ZSt
1
2
kH2 þ g

ds; (1)
FIGURE 1 (a) Schematic representation of the mapping
of the expanding rectangular culture (left), of initial width
w, where the local cell motility is indicated by the shaded
arrows. The leader cells are indicated by shading at the
tips of the columns of cells (i.e., fingers) (11). This system
is mapped in the model to a dynamic contour in the x,y
plane, where the local velocity (solid arrows) depends on
the local shape (curvature). The height of the fingers h is
given by the maximal y coordinate. (b) The force-curvature
rule that was used to describe the shape-dependence of the
cell motility, as given in Eq. 4. The linear approximation
used in the linear-stability analysis is indicated by the
dashed line (Eq. 8). (c) A typical dispersion curve u(q)
for the linearized model, indicating the unstable mode
q < qc and the most unstable model qmax.
Physical Model of Expanding Cultures 363where g is the effective surface tension, k is the effective
curvature modulus of the culture interface, H ¼ ~H$n^ is the
size of the local membrane curvature ~H ¼ v2~r=vs2 (where
n^ is the outward unit normal along the contour), s is the
contour arc-length, and St is the total length of the interface
(which changes with time). The thickness of the cell layer is
W ~3–5 mm. Variation of this free energy with respect to~rðsÞ
gives the restoring forces per unit length, acting on each
element of the interface (details are given in the Supporting
Material):
dF
d~r
¼ W

 kv
2~H
vs2
þ g~H  3
2
k~H3

: (2)
We now add the forces produced by the cells:
1. The internal force due to the cellular motility, pushing the
interface normally outwards Fcell.
2. The normal restoring force due to bulk cell density Fr
(where the average cell density is r ¼ Ncell/Area).
3. A noise term n due to the random velocity of the cells.
Furthermore, although we assume that the bulk of the cell
culture behind the front behaves as a viscous fluid (34), we
neglect long-range hydrodynamiclike interactions through
this cellular medium. This is a simplifying assumption, and
renders the treatment of the model into a local form. Future
treatment of the bulk culture behind the front will have to
include the fact that all the cells produce local active forces,
and have elastic responses (6,17).Altogether we get the following equation of motion for the
interface
d~r
dt
¼ k
h
v2~H
vs2
þ g
h
~H  3k
2h
~H3 þ ðFcell þ FrÞn^
h
þ nn^;
(3)
where h is an effective local friction coefficient (which
contains the layer thickness W from Eq. 2) arising from the
cell-substrate adhesion and the effective viscosity of the
two-dimensional flowing film of cells.
The main proposal in our model is that the cells’ motile
force increases with the convex shape, as described above.
For simplicity, we assume that the cellular pushing force
Fcell increases linearly (any other monotonously increasing
relation can be implemented and will not qualitatively
change the behavior) with the convex curvature (negative
H) of the interface, according to (Fig. 1 b)
Fcell ¼
F0 H > 0
ahj~Hj 0 > H > Hmax
Fmax H < Hmax
;
8<
: (4)
where Fmax ¼ ahHmax is the maximal motile force corre-
sponding to the most convex cell shape, with curvature
Hmax ¼ 1/R, where R x 10 mm is the typical cell radius,
F0 is the baseline value for flat or concave cells, and a ¼
(Fmax – F0)/Hmaxh is the proportionality ratio between the
curvature and the cellular forces. Note that there is anBiophysical Journal 98(3) 361–370
364 Mark et al.asymmetry to the cellular motion, such that cells at the edge
always produce an outwards-directed force, toward the free
substrate. Comparing our simulations to the experiments
(see, for example, Fig. 3), we conclude that F0 << Fmax,
in a culture that is not activated by growth-factors. To
simplify our analysis we therefore take F0 ¼ 0 for the rest
of this article, although it probably does have some small
nonzero value. When the cell culture is activated by
growth-factors (3,18), F0 can become comparable to Fmax,
and the effect of the curvature is abolished (Fig. 1 b), and
indeed the formation of fingers is suppressed (3).
Cells have the ability to remodel their cytoskeleton so
that they can accommodate some changes in their projected
area without resisting elastically, if stretched/compressed
over long timescales compared to the timescales of cytoskel-
eton reorganization (typically of approximately tens of
minutes). We treat here the cell area in an averaging manner,
by averaging over the entire surface area of the cell culture.
This means that we do not describe variations in the cell
density within the culture (as observed in (6)). As long as the
average cell area is smaller (larger) than some upper (lower)
limit, there is, therefore, no elastic restoring force. Beyond
these limits there is an elastic restoring force,whichwe assume
here for simplicity to be linear. Note that only the stretching
restoring force is reached in our simulations. Below aminimal
average cell density rmin, the cells cannot tolerate the stretch,
and Fr becomes negative (restoring). In other words, the cells
are assumed to have a maximal average area per cell 1/rmin,
and a larger area (lower density), leads to stretching of the cells
that give rise to an elastic linear restoring force. The same rela-
tion holds similarly for compression above a maximal density
threshold,rmax. The bulk restoring force due to the average cell
density Fr is taken to have the form
Fr ¼
kr

1
r
 1
rmin

r < rmin
0 rmax > r > rmin
kr

1
r
 1
rmax

r > rmax
;
8>><
>>>:
(5)
where kr is the effective modulus of cell stretching. As long
as the average cell density (r) is larger than the minimal
density (rmin) this force is zero, even if the density falls
below the target density of the cells at the initial time (r0).
Using Fcell as defined in Eq. 4, and applying it in Eq. 3,
we get
d~r
dt
¼ k
h
v4~r
vs4
þ sðHÞv
2~r
vs2
þ vmaxqðHmax  HÞn^
 3k
2h

v2~r
vs2

2
v2~r
vs2
þ Fr
h
n^ þ nn^
; (6)
where q is the Heaviside step function and vmax ¼ Fmax/h.
The active tension modulus s is given byBiophysical Journal 98(3) 361–370g
h
 a 0 < H < Hmax
8><
s ¼
g
h
elsewhere
:>:
(7)
This coefficient becomes negative in some range of curva-
tures, i.e., inducing a shape instability. The curvature term
eventually dominates at large curvatures, stabilizing the
growth on small length-scales. Note that without the bending
term in Eq. 6, whereby the surface tension is the only shape-
dependent force, the fingers grow into singular cusps, which
is not what is observed in the experiment (3,4).
Linear stability analysis
The interplay between the restoring forces and the curvature-
induced motility drives a dynamic instability, as we now
demonstrate using a linear stability analysis of our model.
This linearized version (dashed line in Fig. 1 b) is valid in
the regime of small perturbations from the flat interface,
which exists at the beginning of the growth. In this limit the
contour is almost perfectly aligned along the x axis, and the
height undulations along the y axis of the contour coordinate
are denoted by h (Monge gauge, Fig. 1 a). Equation 6 for the
contour coordinate~rðsÞ becomes an equation for the contour
height along the x axis, i.e.: h ¼~r$y^ and s/ x,
vh
vt
¼ k
h
v4h
vx4


a g
h

v2h
vx2
: (8)
A mode analysis of this equation, using h(q) ¼ h0 exp
[u(q)t], where q is the wavenumber, and u(q) ¼ –kq4/h þ
(a – g/h)q2 is the dispersion relation (Fig. 1 c), indicates
that an instability (u(q) > 0) occurs for wavenumbers q < qc,
given by
qc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ah g
k
r
: (9)
The wavenumber with the maximal positive u is qmax, given
by qmax ¼ qc=
ﬃﬃﬃ
2
p
, and is the initial wavelength of the fingers
that spontaneously form at the beginning of the interface
evolution, according to our model. Note that, to perform
the linear analysis, we have to replace Fcell of Eq. 4 with
some approximate analytic expression at ~H¼ 0. As a conse-
quence, the actual slope near the zero curvature point is
somewhat smaller than a, which results in a smaller qmax
and a wavelength that is larger than the most unstable wave-
length we wrote above (Fig. 1 b).
Beyond the initial stages of the growth, we need to simu-
late numerically the evolution of the interface, using Eq. 6. In
this calculation scheme the coordinate ~r is represented as
a function of s, and we calculate the spatial and temporal
derivatives using the Euler method. To keep a certain resolu-
tion in the spatial discretization of the contour, and therefore
maintain the stability of the numerical calculation without
reducing the integration time step, we redistribute the grid
FIGURE 2 (a) Deterministic evolution (n ¼ 0) of the
contour from an initial Gaussian perturbation of height
1 mm, at different times (each contour is 5 h apart), using
b ¼ 0.1. (b) Using the same parameters as in panel a but
with random cellular noise n, at times 5–40 h (each contour
is 5 h apart). (c) Roughening cycles of the contour from
simulation in panel b. (d) Fingers split at the same range
of heights, for both tensions b ¼ 0.1, 0.2 (solid and shaded
lines, respectively). The different lines give different reali-
zations of the random noise. (Inset) Absolute location of
the tip-splitting for b ¼ 0.1, 0.2 (solid and dashed lines,
respectively).
Physical Model of Expanding Cultures 365points during the calculation, either by adding or removing
points or by equally redistributing the grid points along the
contour. After tip-splitting of the growing fingers (Fig. 2,
a and b, and Fig. 3), two different fingers collide. In the
simulation we join the contour at the collision point,
removing the grid points in between (Fig. 2 b and Fig. 3).
In the experiments the fingers merge and the hole that is
created closes with time as cells move in to fill the empty
substrate, in a purse-string fashion (1).
Quantities of the parameters in the model
We now give the quantitative values that we estimated for the
different parameters used in our simulations. We start with
estimating the maximal value of the motile force that the
cells can produce, Fmax (Fig. 1 b). For this estimate we use
the order of magnitude of the maximal observed velocity of
independent motile cells, vmax ~70 mm/h (as seen in some of
our experiments for detached cells and as reported in
(37,38)), because this maximal velocity arises from the
maximal motile forces that these cells can produce when
they are not held back by the continuous culture (cell-cell
contacts). Indeed the actual maximal velocity of the cells
when part of the continuous culture is much lower (see
Fig. 6). Using this estimation for the maximal value of the
motile velocity of these cells, we fix the curvature-induced
force (Eq. 4), a ¼ vmax/Hmax (we take Hmax ¼ 0.1 mm1).
The effective surface tension, g, is a free parameter that we
denote in proportion to a, such that g/h ¼ ba. We next fix
the value for the average initial separation between fingers,
l ¼ 2p/qmax, to be ~180 mm. Using Eq. 9 we can then find
the value of the combination k/h, as k/h ¼ a(1 – b)/2q2max.
Finally, themagnitude of the random cellular velocity n (noise
term) is taken from the experimental distribution which isfitted to a Gaussian (unpublished data), with a zero mean
and standard deviation of 5 mm/h. This noise term is drawn
from the random Gaussian distribution every 20 min, which
is the typical persistence time for cellular motility observed
in different cell types (18,39). Note that the actual distribution
of traction forces seems to have an exponential form (6), but
this detail is not crucial for our purposes. We further smooth
this noise term over the grid points along the length of a cell
diameter (2R), such that the random velocity changes over
this cellular length-scale. Finally, for the elastic restoring
force due to low cell density, we used the value
kp/h ¼ 4.4  104 (mm s)1, which is of the order of magni-
tude found in experiments on cell stretching (40).RESULTS
We now present the results of the simulations of the evolu-
tion of the culture contour, according to our model presented
in Eq. 6. We start by neglecting the bulk restoring force due
to overall cell stretching, by putting Fr ¼ 0 in Eq. 6. The
results of a deterministic evolution (no noise n¼ 0) is shown
in Fig. 2 a, where we start with an initial Gaussian shape
perturbation, of amplitude 1 mm.We see that the main pertur-
bation grows and begins to split at the tip, when the ampli-
tude reaches a height that is ~l. A similar growth, and split-
ting of fingers occur when we start with a flat contour, but
include the random noise in the cell velocity (Fig. 2 b), which
is shown to be enough to trigger the instability. The fingers
grow at an initial separation of l, but at later times coalesce
to form fewer but larger fingers, due to nonlinear dynamics.
Whenever the contour collides with itself, we employ
a joining algorithm, and recover the shape of the outer
contour. This type of dynamics gives rise to cycles ofBiophysical Journal 98(3) 361–370
FIGURE 3 Qualitative comparison between the calcu-
lated evolution of the fingers (right) and the experiment
(left). Lengths are in mm, and the times are in hours. The
simulations were done using b ¼ 0.1.
366 Mark et al.roughening and smoothing of the moving contour, as shown
in Fig. 2 c. Note that the joining algorithm gives rise to large
discontinuous drops in the roughness parameter (Rf ¼ h(h –
hhi)2i), whenever we remove a loop of closed contour. Note
that at the joining site, we remove and smooth-out the cusp
formed by the two contour parts.
The height of the fingers at which they begin to split, is
determined by the same length-scale l, as we demonstrate
in Fig. 2 d. Here we plot the mean finger height hfinger ¼
hmax – hmin for two different contour tensions, and for several
realizations of the noise (where hmax is the height of the
finger tip, and hmin is the value at the finger base). In both
cases we kept the value of l ~180 mm fixed, by adjusting
the value of h accordingly, so that the average finger height
at the splitting is the same in both cases. When the tension is
large, the contour moves together in a more uniform manner,
and the time it takes for the undulations (fingers) to reach an
amplitude of ~l and split is similarly larger. The velocity of
the fingers is further reduced by the increase in the restoringBiophysical Journal 98(3) 361–370force (Fig. 2 d), and the splitting events therefore occur at
a larger mean displacement with respect to the initial culture
boundary (Fig. 2 d, inset). Fingers in the experiments indeed
show a variety of lengths before they split (or bulge). We
interpret this observation as indicative of the large local vari-
ations in cellular motility and strength of cell-cell adhesion,
which determines the local values of the effective bending
modulus and tension.
In Fig. 3 we show a qualitative comparison between
one simulation result with a particular evolution of a single
finger in the experiment (experimental details are given in
the Supporting Material). We see in this figure the stages of
the evolution of a finger as it grows, splits, and merges. We
see that indeed in the experiment the internal closed-contour
fills with cells behind themain front.Whereas events of finger
splitting and merging always occur in the fingers of the simu-
lations, they appear much less often in the experiments, where
tip bulging is observed. This indicates the shortcomings of the
continuum model that does not properly describe the discrete
FIGURE 4 (a) Evolution of the increase in the mean
width of the expanding cell culture. Measurements for
a rectangular culture of initial width 200 mm are given in
circles. Solid lines are the results of our simulations for
different realizations of the cellular noise, and different
surface tension: b ¼ 0.05, 0.1, 0.2 (dashed, shaded, and
solid lines, respectively). (b) A log-log plot of the data in
panel a. The solid lines are two simulations, and the straight
lines are fits to a power-law behavior, with slopes of 1.7.
Physical Model of Expanding Cultures 367cellular behaviors at the tips of the fingers, where there is
sometimes just a single leader cell. In Fig. 3 c, the finger in
the experiment is observed to go through a second tip-split-
ting event, which in the simulations is also observed if there
is enough space for this to occur before fingers merge (see
Fig. 7 a for an example). Future detailed experiments may
provide quantitative statistics regarding the tip-splitting
events, so that detailed comparisons of this phenomenon
can be made to the model.
We now make quantitative comparisons between our
model and the observed evolution of the culture contour.
The growth of the mean width of the rectangular culture
(Fig. 1 a), which is simply the average of the height coordi-
nate hhi as a function of time, is shown in Fig. 4 a, up to the
first contour-join event. We find that the calculated mean
culture width increases in an accelerating manner, after
some incubation period. This acceleration occurs in our
model due to the instability mechanism whereby the finger-
tips increase their velocity as they grow and become more
curved (Eq. 4). This behavior is more clearly seen in the
log-log plot (Fig. 4 b). Note that the definition of the initia-
tion time of the fingers (t ¼ 0) is somewhat arbitrary and
difficult to define clearly. The fingers seem to develop
more quickly in the experiments as compared to the simula-
tions and this is most likely due to the continuum nature of
our model, which ignores the discrete nature of the cells,
i.e., the leader cell acts as a single unit whereas in our model
there is a continuum velocity field along the contour.
By fitting the growth to a power-law (for t > 7.5 h) we
demonstrate that the growth has an approximately quadratic
behavior during a certain period, as found in the experiment
(3) (the value of the power is not exactly 2). In both the simu-
lations and the experiments the growth becomes linear after
the acceleration period, so that the overall agreement
between the observations and the model is good. The spread
in the observed culture width growth is also captured by the
model, indicating that it originates from the noise in the
motion of the individual cells. Increasing the surface tension,
while keeping the value of the most unstable wave-length
constant (therefore the parameter k/h is adjusted), decreases
the growth rate of the mean culture width (Fig. 4 a), due to
the larger restoring force.We next add the restoring force due to cell stretching as
a result of the reduction in average cellular density in the
expanding culture. We will make use of the observations
that the number of cells increases roughly linearly with
time in these cell cultures. The number of cells as a function
of time is therefore written as N ¼ N0(1 þ zt), which results
in a mean cellular density given by r ¼ r0(1 þ zt)/(1 þ
2hhi(t)/w) (where the mean culture width increases in both
directions for a rectangular island of cells of initial width
w; see Fig. 1 a). Note that we consider that cell proliferation
is triggered by the release of the confinement, which we
chose to be the time that the contour has moved by approx-
imately a cell’s length of 10 mm. When r reaches a maximal
value (which we take to be rmax ~5.7  103 cells/mm2), the
cell proliferation stops due to cell-cell migration contact
inhibition (17). Note that, in the real culture, there is no
such sharp transition to zero proliferation above a threshold
density, but instead a gradual decrease in the overall prolif-
eration rate. In Fig. 5 a, we plot the evolution of the average
cellular density for cultures of several initial widths, where
we calibrated the value of z from the observed linear increase
at small times for a 200-mm strip (Fig. 5 a). At the beginning,
the culture expansion velocity is low, and therefore the
density of cells increases. Later, when the fingers start to
grow, the culture area grows faster than linearly with time
and as a consequence the average cell density decreases
(our calculations are limited to times before the first
contour-join events; see Fig. S1).
When the average cell density falls below rmin ¼ (4/5)r0
(arbitrarily chosen; note that this is the average value over the
whole culture, whereas cells at the culture front are observed
to have an area that is up to 2–3 times that of cells further
behind), the additional elastic restoring force Fr (Eq. 5) leads
to a much reduced rate of culture expansion (Fig. 5 b).
Because the initial width of the rectangular culture is smaller
the restoring effect of the cell stretching on the culture expan-
sion appears earlier, as the culture reaches the minimal
density rmin at an earlier time. Decreasing the proliferation
rate to zero (z ¼ 0) leads to a similar behavior, whereby
the culture expansion proceeds normally for relatively short
times (t< 10 h) as observed in the experiments (3), but slows
down eventually when the density falls below rmin (Fig. 5 a).Biophysical Journal 98(3) 361–370
FIGURE 5 (a) Calculated average cell density r as a func-
tion of time, for a 200-mm and 100-mm initial culture-width
(solid and shaded lines), compared to the observed data
(squares). The case of no proliferation is given by the dashed
line. (b) The corresponding growth of the mean culture-
width, corresponding to the cases shown in panel a.
368 Mark et al.By following the dynamics of the leader cells, i.e., the tips
of the growing fingers, we can compare our calculations to
the observed behavior, shown in Fig. 6. In Fig. 6 a, we plot
the observed and simulated evolution of the tips of several
fingers hmax(t), as a function of time. The simulations are
in good agreement with the observations; we see that in
both the experiment and the calculation the velocity of the
tip (leader cell) vtip goes through periods of acceleration
and slowing down (Fig. 6 a). These variations in the tip
velocity are correlated in the simulations with the changes
to the tip curvature Htip when the tip of the finger flattens
and splits (Fig. 6, b and c). The leader cells in the experi-
ments also experience decelerations (~12.5, 12, and 20 h
for the dashed, shaded, and solid traces, respectively),
although these variations around the mean velocity of the
leaders were observed to be small. The discrete nature of
the leader cells suppresses full tip-splitting events compared
to the continuum simulations, but the mechanism that leads
to the slowing-down of the leader cells is still the same;
they consistently showed a slowing-down related to the bulg-
ing (flattening) of the tip. Similarly, the continuum simula-
tions describe a slower rise of the tip velocity compared to
the observations, where the leader cells attain their final
velocity faster.
It can be seen that increasing the effective surface tension
(cell-cell contacts) decreases the growth rate of the maximal
height of the fingers. The maximal velocity of the leader cells
that we calculate (~18 mm/h) is much lower than vmax due to
the restoring force of curvature of the culture front. Note thatBiophysical Journal 98(3) 361–370this agreement is a nice check of the consistency of the
chosen parameters, which were fixed to reproduce the initia-
tion spacing of the fingers.DISCUSSION AND CONCLUSIONS
A growing cell culture is a complex process that is affected by
diverse factors such as chemical and mechanical signaling
(12,15). Most of the research done in the context of collective
growth and migration focuses on diffusing chemicals as the
major guide, with or without mechanical cues of various
forms. In this work we excluded all these effects and focused
on the influence of the shape of the culture as the onlymechan-
ical cue that guides this process. We have shown that this
component alone can induce in an expanding culture behavior
similar to that seen in experiments (3): The culture interface in
this model can become unstable; columns of cells (fingers)
form and grow with time. Furthermore, we show that the
bending restoring force of the cells gives rise to the phenom-
enon of tip-splitting. The bending energy is crucial to this type
of instability, as otherwise the fingers grow into a singular
cusp, which is not what is observed in the experiment (3,4).
As long as the effective surface tension of the culture interface
is not larger than the slope of the curvature-velocity rule
(Eq. 4), there are unstablewavelengths. The value of the effec-
tive surface tension simply affects the values of the mean
growth velocity and the height of fingers at which tip-splitting
occurs, but qualitatively the same shapes and behavior can be
seen without surface tension at all.FIGURE 6 (a) Evolution of the position of fingertips;
points, experimental observations of leader cells (3), lines,
using our model for different tensions (b ¼ 0.05, 0.1,and
0.2, shaded, dashed, and solid lines, respectively). (b and
c) Evolution of the tip velocity and curvature for the finger
shown in the dashed line in panel a. Note that the initial time
t ¼ 0 is shifted in panel a to compare to the experimental
data, which begins only when the finger is distinguishable
for the first time.
FIGURE 7 (a) Calculated expansion of an initially
circular culture, in the presence of cellular noise. (b) An
initially elliptic culture expands and develops fingers
even in the absence of noise. In both plots the time between
contours is 5 h, and the lengths are in mm.
Physical Model of Expanding Cultures 369Our model allows us to make a number of testable and
quantitative predictions. We predict:
1. that the contour of an expanding culture should go
through roughening/smoothing cycles (Fig. 2 d);
2. that the rate of cell proliferation determines the time at
which the culture expansion slows down; and
3. that the average distance between fingers should depend
on the effective elastic moduli of the cells (g and k) as
well as on the slope of the curvature-velocity rule (a,
Eq. 4).
The elastic moduli of the culture interface may be modi-
fied through the strength of the cell-cell adhesion contacts,
as well as the elasticity of the individual cells. The slope
a can be changed by modifying the overall motility of the
cells. For example, increasing F0 from zero to some finite
value smaller then Fmax (without changing Fmax) decreases
the slope a (Fig. 1 b) and qc (Eq. 9), and increases the most
unstable wave length, l. If l is larger than the length of the
culture, no fingering will form. This prediction may explain
the observed absence of fingers when growth-factor was
added to the medium (3,18); within our model the effective
value of F0 may increase in response to the growth-factors.
The growth-factors most likely also modify the cell-cell
adhesions, cell motility, and therefore the effective elastic
parameters g, k of our contour. Due to the faster motility
in the presence of growth-factors (23,41), the interface will
expand faster, whereas fingers with larger l take a longer
time to develop. A similar change in the average separation
of fingers is shown in Fig. S3 of Trepat et al. (6) as a function
of the substrate rigidity, which modifies the adhesiveness of
the cells and therefore their traction forces Fmax.
Different culture geometries can be used to test the model,
such as a circular and an elliptical shape. For a perimeter that
is larger than the minimal unstable wavelength, the expand-
ing circular interface develops fingers (Fig. 7 a). A contour
with an initial elliptic shape grows faster along the major
axis, where the curvature is higher, and therefore elongates
with time (Fig. 7 b). In both of these examples, we neglected
the effects of bulk cell stretching (Fr ¼ 0).
To conclude, we have shown that the shape of a culture
interface can play an important role in collective cell migra-
tion during wound healing, and may play an important rolein other phenomena such as morphogenesis (34,42). We
suggest that a futuremodel, which integrates the culture shape
with the chemical and mechanical signaling, may lead to a
better description of these collective cellular phenomena.SUPPORTING MATERIAL
One figure is available at http://www.biophysj.org/biophysj/supplemental/
S0006-3495(09)01629-4.
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